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ABSTRACT: The Hankel Transform of order v of a function if it exists,
is defined by:

U003 € = [ x 9, () ()

It arises in axfsymmetric boundary value problems in Elasticity and Potential

theory. This transform has been extended to the space of generalized func-
Jv(ax)JU(bx)

tions by Zemanian and others. Sonine proved that for f(x)} = 5
- X

H {f(x)£} = 0 whenever, the triangular inequality |a-b| < £ < a+b s

violated. We evaluate the Hankel Transform Hl{f(x); ¢} of the function

flx) - gﬂﬂax)dv(bx)

and extend the result proved by Sonine.

xP

Recently Asky, Koorwinder and Rahman have evaluated the integrals
j:&1+“ Jv(ax)Jv(bx)Yv(cx)dx of the Hankel Transform type and proved that
it vanishes when the triangular fnequa]ity la-b} < c < a+b is satisfied.
We find the generalization of this result by evaluating the integral

j:&]'p Ju(ax)Jv(bx)YA(cx)dx and discuss some of its applications.
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(1.7)

{1.2)

1Introduction: Integrals of products of Bessel functions have been

of yreat interest to pure mathematicians, but they are ot extreme

importance in many branches of Mathematical Physics, elasticity and

potential theory

We start out by considering Sonine's inteyral formula

(141, namely

l-v
jUx Jv(ax)J“{bx)Ju(cx)dx

- 1

2v-1 A 2

/;(abc)“r(-;— + V)

, if a,b,c form sides of a triangle of

F oW

area /a4 ,

0 » It a,b,c do not form sides of a

trianyle,.

Recently Askey, Koornwinder and Rahman camputed the
following integral [3]:

* 1+
[ x Jv(ax)Jv(bx)Yv(gx)dx

0
r 0 , If Ja-bl <ec<ca+b,
i 1
=¢ - 2—0-1(-4) : o, if ¢ < ja«b|,
fAfabe) r (3 - v)
i
2-»-1(_51"" 2

) Lif c>a+b.
/% (abc) l‘(-z‘-v)

1
The formulas (1.1) and {1.2) are valid for Re v > -'E and

1 1
~— <Re v < > respectively. The value of & 1in (1.1) and {1.2) is

a matter of curiosity for a long time. These integrals are not only



given by the same alyebraic expression, namely

: 2 2 2 2
(1.3) prtla e’ - YE - @Y

However, in (1.1} 4 is positive and represents the square of
the area of the triangle with sides a,b,c whereas in (1.2) it is
neyative because a,b,c do not satisfy the triangle inequality.

Let us now consider the integral:
{1.4) I{a,b,c) = [ 0 (ax}J (bx)}J {cx)dx .
0Owu v A

This integral is converygent for Re(p+v+r) > 1 and for
arbitrary values of a,b and ¢ , has for c > a + b been repre-
sented by Bailey as a product of two hyperyeometric series. Bailey's
result, along with some spectal cases, is listed in [5]. Henrici
[13] evaluated the inteyral in (1.4) when a,b and ¢ satisfy the
triangle inequality.

The purpose of this paper is to seek generalizations the
results in (1.1), (1.2) and (1.4). In section 2 we compute the

following two integrals:

.1_
(1.5} L(a,b,c) = fux pJu(ax)du(bx)dk(cx)dx ; Re(utvri-p) > -2 |
‘and

(1.6) M{a,b,c) = I:xl-pdu(ax)J“(bx)Yxlcx)dx ; Re{u+v-a-p) > -2 ,

In section 3 we give some special cases of {1.5) and (1.6). As an appli-
cation to our results, we show in section 4 the followiny two important

relations.



J t1-"J {t sin ¢ sin ¥)J (t cos ¢ cos ¢)J (t cos 0)dt
0 M : v v

vi?
¢ . . 2 .1 v
{sin ¢ sin ¢ sin 8) (cos ¢ cos y cos 6)

(!{?)' = Fu + 1)

. 1 n"‘ Yy (“ ®)(cos 2¢)P(""’)(cos zw)P(“ *)(cos 29)——

1)
n=0
Re n > -'% s Rev> <l U0 ,¢,¢x % .
L] l‘.u .
Jt 70 (t cos ¢ cos y)J_(t sin ¢ sin ¢)¥ (t cos 6)dt
0 U v v
2 +ut] v
(1.8) * 2"+ VeI I F%ﬁ*f?}%1cos $ cos w)u(sin ¢ sin ¢ cos @)
- (u+v+l)
) hﬁ"'“)Pﬁ"'v)(cos 2¢)P§“'“)(cos Zvjqﬁ"’v)(cos 26}(————73-

n=0

1 1 "
Reu>-'2',-1<Ruu<‘2',u<¢.wcé',u<8<

Nl

where

TRITE I
(1.9) nr""-"L [1 (= 0%+ 0" 1p ") Pax J , and
(u,v)

(x) and u (x) are Jacobi polynomial and Jacobi functions of

P(u'“)
n

the second Kind, respectively.

HWithout loss of generality, we may assume that ¢ > b » a since
this can always be achieved by permutation of indices. MWe first consider

the following function:

, AR
(2.1) g(z) = fut Ju(at)dv(bt)KA(zt)dt

where a,b are fixed and z is a arbitrary complex number. To ensure
converyence we must now assume temporarily that Re({u+vii-p) > -2 ,

For convenience, we substitute



2 2 2 2
(2.2) a®a ,8=b ,Yy=c ,E=2 .
Since,
-u-v 1] y = n 2n
N v F(u+l)r{v+l) n B -a

n=0 4" (u+1) (v+1)
n n [9,p.11.eq.(4)]

and

w k=1 1,2-k k+X Kk -2a
(2.4) IUK*(zt)t at =';[§0 T r) s (Relk-a) > 0)

Therefore, by substituting these expressions in (2.1) and by using [7,p.255]

we get: 1
UtvtA=p+2 ptv-p-r+2 2

r( )1 (e ) TIRY
P e s e T
EH p

2°T{u + I)T(v + 1)

ptukd-p+2 Bivep=-A+g
= (=55 )
. Z n 2 n [B -~ anP(u,V)[B + u]
n=0 (u+1)n(v+1)n E n 8 -a
We also have:
(0.v) (1 + v) . -n , =n-p
6 , - ny-1n A 17,19
vi]
we obtain
, . UtVHA=p42  pty-d-p+2 a B
(Z.?) Z a L pH s F ’ P -
92) = Gl B0y (T T e vl
where
1
Pt d-p+e PHU-p=Ar+2
2 TUT, 'y
(2.8)  Cla,8,£) = ab ),
2°r(u + )r(v + 1) ghtvpYe

and F4 is an Appell function (4, 18] defined by



» @ (a) (a)

(2.9) F,{ 8 .8 v) = ) ) ——mn_2Zmp mn
. a.,a, B, 5 u,v) = Y *
a1 L2 =0 n=0m'n'(sl)m{32)n

By using the relations
i 1ax /2 C-iamf2 _
J {tc) =~ lim [e K (itc + ie) - e K (-itc - ie}}
A x el A A
+

| a2 ) w/2 . )
Yk(tc) = lim {e Kl(1tc t je) + e Kx{-ltc - ie)}

e+0 (11.[71,015] & [16].
we obtain
Luracpiz)
, ptv-A=-p
(2.10) L(a,b,c) = 1515:2411 [e 2 A(a,B,y+i0)
- ix
E’(u+v-k-p+2) .
-e Ala,B,y-i0) .
and in
“{utv-r-p+2)
(?.11}  M(a,b,c) = Ejgfﬂ*ll [82 A{a,8,y+io)}
- jin *
E_(ui-v-l-ph?) _
te A(a,B,y-i0) | ,

where, for abbreviation, we write

PAvd-p+2  ptv-A-p+2
2 ’ 2

B
Y

(2.12} A{a,8,y) = F4( iutl v+l 3‘,

] -
The Appell function on the right of (2.11) is absolutely converyent if

i 1
a 2 8 2
“l + 17| <1.
1+ 1]

In terms of a,b,c this condition means

(2.13) a+thbh«<c.

But, if this inequality is satisfied then Ala,B,y) in (2.12)

as d function y 1is single-valued on the real axis and so



2 ' x
(2.14) L(a,b,c) = "T(a,B,y)A(a,B,y)sin(ntv-2-p+2)77 , if c>a+b,
2 LI
(2.15) M{a,b,c) = "Tla,B,v)A(a,B,v)cos{utv-2-p+2), , if c>a+b.

To consider L(a,b,c) and M(a,b,c) in the triangular region

namely,
(2.16) la-b] <c<a+b

we substitute

a - E i
" x(1 -y), Y y(i -x) .

Solving for X and y we obtain

]_+B-¢-4/: -]-l-a-ﬁ-ll/:

where A §s the same as defined in (1.3). Here siyns of the syuare root
are choosen such that the roots are asymptotically equal to +y for large

values of y , so that

a -2 B -2
X =« + 0 » = -+ .
. (v ).,y ¥ (v {
As we have mentioned earlier 4 is negative for ¢ >a +b
whereas it is positive when triangular inequality (2.16) holds.

Therefore, when the inequality (2.16) s satisfied, we can write

A +f-a+t 41/£. y = Yy +ta-8+ 41/2#

2.1

(2.18) 2y 2y

in the upper half-plane and

(2.19) L LY*tB8-a-84h  y+a-p-aifs
) 2y » Y 2y

in the lower half-plane.



(2.20)

Defining two positive angles ¢ and ¢ by

can”) 4/a - tan”! 4/
¢ an ;—:—E‘:j; s ¥ ;”:j;”: h

we thus have

(2.21)

X ﬁ E+i¢ ﬁe*'ilb
B Y Y

on the upper half-plane,

By the lower assumption ¢ > b > a we have |x| < 1 and

I¥yi < 1.

Using the Burchnall and Chaundy's expansion formuia:

F4[a.b P 6t g ox{d - y),y() - x)]

(a) (b) (1+a+b-c -C )

we obtain

(2.23) L(a,b,c)= J

and

) l xnyn
oo n!(c) Aot
atn , b+n atn , bin
"o | ctn XJ 2y em ’ [18, p.223]
P , = O ) )
;c(a.a.v)sin(u+v-*-9+2TE nED n!(u+1)n(v+1)n =

. FI(n;x)fz(n;y) » IFf ¢c>a+b,

u+u+A ~p+2.  utv=A-p+2

) I(tv-a-p+2) ® (
“Cla,8,y)inle ]
n=0

FARXIF (niy)} , iF fa-bf <cca+p,

[ ), (1-p)_
nl(u+l)n(v+l)n "




(2.24) M(a,b,c)=

utvid-pte  ptv-i-p+2 :
P o T e
;C(a.s.v)cos{u+v-l-o+2}§'niu nt{utl) (v+l) Y

-'Fl(n;X)Fz(n;y) , iIf c>a+b,

vtk -p+2 +=A=p+Z
iylutv-depiz) o (PR (BREEEE (1)
gt(a 8 Y)Re[e l é N n n‘nyn
] » l
I =0 n.(u+l)n(v+1)n

. Fl(n;x)FZ(n;y)] »if Ja-bl <c<a+b,

where
Bpturdapt? pv=A-p+2
BITVIASRYE e s
(2.2%) Fltn;x) = 2F1 2 2
ptl+n
and
VA =p +; +V=d-p+;
Htv : 2 . TEAY] ; +2
(2.26)  Fylniy) = F,
vil+n

3. Special Cases

+

+

n

n

et

I. The substitution p = 1 1in (2.23) immediately lead to Bailey-Henrici

formula {13, p. 154].

Ile Ifwelet A =p =y ay

formulae:

l-v
fut Jv(at)Jv(bt)J“(ct)dt

(0
{3.1) =
= (1) (1 -v)

M

if

nan

r(u + li[ah v n
v=1 2%%¢ J Im l
(o

|
2 n=0 N1 s v)n

if Ja-b|<c<a+b,

Xy *+ F

c>a+b

1n (2.23) we obtain the extension of the Sonine



10.

0 if ¢>a+b,
r{v + 1![ b i 1 [ bl Xy . ]
v ab.v - - - ; -
'ZU-lwcz . Vo {El wx -y 2F1 S 20 (1 =x)(1 -yt ,

if [a-bj<c<a+b.,

To find the imaginary part of the quantity inside the parenthesis of the

last equation we use (%.19) to yet in the upper haif-plane

-1 -1 i) Xy . 2i(e+y)
(1 -x) (1 ~-y) e » 121 =) e and so, in

the upper half-plane (4, 18]

-1 1 1 ] 1-v Xy
(1-x) (1 -y) F ;
21 1+v (1 = x)(1 - y)
2 i(¢o+y) ) |
i -!E-%t;—mjgl'u - u)(l - u eu(‘”q‘)”v-ldu

i
WERICTIRITED

Jvete 77 ~1{4-¥)
ab 10 (1 -e 4

{ -
e l¢+¢)u ]U 1du

)i - )

The contribution from the lower half-plane is complex conjugate of this.

Therefore
1 '] 1"\1

-1 -1 XY
Im (1 -x) (L -y) _F ;
21 14y (1 - x}(1 - y)

i
BCRRIC

. -i(¢+y) He+y) | vl
= )i (1 -e u)(l - e d
21ab g -1(¢+w)l " uf o
e
2
. e 2v-1 r[v!P!v!
Ziab 12 sin(e + ¥)] TES
Finally using
. 2/a
(3.2) sin(¢ + ¢) = ==, (computing from (2.19), (2.21))

ab

1 2v-
and r(Ejr(Zu) = 2 Y lr(v)F(v + é?



1.
we obtain the Sonine's formula {1.1) for Ja -b] <c<a+b,
11, If we put -p =X =y =v in (2.24) we obtain

®* l+v _
fux Ju(ax)dv(bx)vv(cx)dx

r vt v
2 r(2v + 1) (ab) ~{1+¢2v)
" I(v +1) c3v+1 cos{v + 1)x {l-x-y) It c>ash

1 v
r{2v + 1) (ab)
x v +1) c3\J+1

i{v+l)w

y)-(leu)

Re{e (1-x- } if ja-bl<c<a+b

\

Using {2.17), (2.19) and the relations:

(3.3} /x r{2v + 1) = Zzur(v +'%)P(v +1),
1 1
{3.4) 1(2 + v)l‘(2 -v) = cos xv "
-2v-1 - ~2v-]
i(vtl v
(3.5) and  Re e (vel)x (412“) = Re 1(51551 =0

we get Askey, Koornwinder and Rahman's formula (l.z) for ¢>a+b and
la ~b| <c<a+b,
IV. If we substitute p =0 and A =y - v in (2,22) and (2.24) then

‘after some simplification we get:

fo Ju(ax)Jv(bx)Jp_v(cx)dx

[ 8/

f a u b v
A
7 coslen + yv + v) if la-bl<c<a+b,
L“r ¢



12.

and _

[ x4 (ax)d (px}Y {cx)dx

0 T v p=v
r a/fZ . d M b v

(3.7) il cu+u+4l1 - yJ (1 - x] cos{lvjr , if ¢>a+b,
| /e
L sin{¢u + yv + wv) | if la-b|] <c<a+b.
nC

\
4. An application: let us set p =4 , A =v and & = sin ¢ sin ¢ ,
L)
b=cos pcosy,c=cos & (0<¢p,9,0¢ Ej in (2.10). Then, after

some algebraic manipulation, we get:

- l-u
Iot Ju{t sin ¢ sin y)J (t cos ¢ cos ¥}J,(t cos 8)at

vi2

2
{sin ¢ sin v sin‘0)" {cos ¢ cos ¢ cos e)v

2
(4.1) “Tlw+ 1)

- ) h("’u)P("’“)(cns 2¢)P("’“)(cos 2¢)P{"’v)(cos 26)
n n n n

ni
n=0 (v + 1)n

Re}.lb“‘%" RE\)>-].
which is an important relation preoved by Gasper in [12, p.116].

Similary if we set p = -y , A =v and a . cos ¢ sin y ,

) %
b=singsing, c>scos 8 (0<¢p ,y¢,0< 2) in (2.11), we

7

‘get:
@ l+p - .
Jt"d (t cos ¢ cos ¥)J (t sin ¢ sin $}Y (t cos 8)dt
0 u v v
2u+2v+3 P!H + v +1!
(4.2) =2 {cos ¢ cosw}p (sin ¢ sin ¢ cos 9)u
P(u + 1)
. (u +v +1)
n=g " n n n {u + l)n

e - -1«
H . egv < .y

which is another important relation proved earlier in [12], [15] and [16].
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