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Abstract

The trace of the scale matrix of the multivariate t-distribution is
considered for estimation. The estimation strategy is developed as-
suming a quadratic loss function. The conditions under which the
proposed estimator outperforms the usual estimator are derived. Ex-
act expressions for the risk functions of the estimators are also derived.
Numerical examples are considered as well.
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1 Introduction

We consider the estimation of the trace of the scale matrix of the multivari-
ate t-distribution. The trace of the scale matrix in this case gives the total
variation of the component variables present in the population, and hence is
important in many statistical analyses including principal component analy-
sis.

OThe paper is based on a conference paper published by the first author in Econometrics
Conference at Monash University, 1995, Australia pp. 467-474.
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Unlike the normal distribution, the multivariate t-distribution is fat tailed
and hence important in modelling many real world data. It may be mentioned
that many authors have observed that the empirical distribution of rates of
return of common stocks have relatively thicker tails than those of the normal
distribution. Blattberg and Gonedes (1974) assessed the suitability of inde-
pendent ¢-distributions for stock return data. After a thorough investigation,
Kelejian and Prucha (1985) proved that uncorrelated t-distributions are bet-
ter able to capture heavy-tailed behavior than independent ¢-distributions.

"The estimation of the trace of the covariance matrix (scale matrix) of the
multivariate normal distribution was considered by Olkin and Selliah (1977)
under a weighted squared error loss function. The present work is motivated
primarily by the work of Dey (1988) who considered the estimation of the
trace of the covariance matrix of the multivariate normal distribution under a
squared error loss function. He developed estimation strategies by shrinking
eigenvalues towards their geometric mean.

In particular, we assume N p-dimensional (p > 2) random vectors (not
necessarily independent) X;, X, --,Xy having a joint p.d.f (probability
density function) given by

32 L s
X1,Xg, ,XN) = T+ =Y (% — p)ZYx; —

f(x1,x2 N) C(V,Np)ﬂNp/g ( VJ_;( j M) ( j )

(1.1)
where the normalizing constant C(v, Np) is defined by
vP/2 T (v/2)

Cv,p) = —=————% 1.2
"D = T a) (2
where x; = (X1;,Xaj, -+, Xp;)’, p is an unknown p X 1 vector of location

parameters, X is a p X p unknown positive definite matrix of scale parameters
and v (> 4) is assumed to be a known positive constant. Each p-dimensional
random vector X; (j = 1,2,---,N) has a multivariate t-distribution with
mean vector p and covariance matrix vX/(v — 2), (v > 4) and may be
denoted by

v

Xj ~ TP(""”V__éE)7 V>47 J=1a2a7N

The random vectors X, Xy, - -, Xy in the model (1.1) are uncorrelated for
any v > 4, but not independent unless v approaches infinity. The joint p.d.f.
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in (1.1) represents the multivariate t-model; it has been considered, among
others, by Zellner (1976) in the context of stock market problems, and Lange,
Little and Taylor (1989).

We now propose a class of estimators for the trace of the scale matrix of
the multivariate t-distribution. It may be remarked that we are estimating
the trace of the scale matrix instead of the trace of the covariance matrix
since the scale matrix ¥ determines the covariance matrix up to a known
constant v/(v — 2). Let § = ¢tr(X) be the trace of the scale matrix . In
estimating & by an estimator &, we consider the loss function

L4, 6) = (6 - 6)? (1.3)

and the risk function X X
R(3, 6) =E[L(3, 6)] (1.4)

where & is any estimator of é. In particular, consider the following two classes
of positive estimators of § = tr(X):

usual estimator 6 = co tr(A), (1.5)
proposed estimator & = cg tr(A) — cp |A|/? (1.6)

where ¢y is a known positive constant, ¢ is a constant so that the proposed
estimator § is positive, and A = T, (X; — X)(X; — X)' is the sample sum
of product matrix (Wishart matrix) where X = (X1, X,---,X,), X =
N1 Xi/N, i=1,2,---,p.
In this paper we prove dominance theorem that the proposed estimator )
dominates the usual estimator § of § = ¢tr(X) in the sense of having smaller
risk i.e.

R(8, §) = E(6 — 6)* < R(8, 6) = E(6 — 6).

Exact expressions for the risk functions of the estimators are also derived.

2 Some Preliminaries

We need some lemmas on the expectation of the Wishart matrix based on a
sample (not necessarily random) from the multivariate t-distribution which



will be required in the sequel. The proofs of these lemmas due to Joarder
(1998) are adapted here for the sake of completeness.

The p-dimensional random vector X; in model (1.1) can be represented
by the scale mixture of the multivariate normal distribution N,(u, 72X) and
the distribution of a univariate random variable 7 where 772 has a gamma
distribution with mean 1 and variance 2/v ie. X;|r ~ N(u,72X). It
follows that given 7, the Wishart matrix having p.d.f in (2.1) has an usual
Wishart distribution i.e.

Alr ~W(n,7*%). (2.1)

The p.d.f. of A|r is given by

253(-n/2| A |(n=-p=1)/2
i) =BT o (

1 1
2/ (n]2) —3ir(E A/ Tz)) !

2

where A > 0, n = N—12> p and I'y(n/2) is the generalized gamma, function
defined by

P
Tp(e) = 7P VAT T((20 — 5+ 1)/2), a> (p—1)/2. (2.2)
=1
It can be easily shown that

T,(n/2 + k)
Ip(n/2)

In view of the mixture representation given by (2.1), it then follows that

E(|A|FA|r) = 2% (n + 2K) I7?ZF 8, n+2k>0. (2.3)

E(AI"A) = E[E(A[*A|)]

= E|[2* (n+2k) ——u—rpl(,;‘(/j /42”)’“) >k >
= 2% (n+2Kk) ——-—-—PPI(,:(/s /;r)’“) IS B B(r2*e42),

An exact expression of the above expectation can then be found by noting
that for any integer r

E(") = (v/2)"/? -11(-’-’%%/2) V>, (2.4)

4



The result is summarized in the following lemma.

Lemma 2.1 Let A have the mixure representation given by (2.1). Then
for any real number k and any positive number v satisfying the conditions
n + 2k > 0 and v > 2(kp + 1), the following result holds:

I'(v/2—kp—1) Tp(n/2+ k)
L'(v/2) Ip(n/2)

It follows from Anderson (1958, p161) that for the Wishart matrix A =
((aix)) satisfying (2.1) we have

E(|A[*A) = v (n/2 + k) S| =,

E(agaw|T) = n(1? 0)(T2om) + 2n(T%0%)? (1,k=1,2,---,p)
so that

BltrAYr] = S B@)+2 Y 3 Elasaw)

i=1 i(<k)=1 k=1

P P
= 7%|n? Zafi+2n20ﬁ-

i=1 =1
PP P P
+ 202 Y Y ouomt+4n ) S ol
i(<k)=1 k=1 i(<k)=1 k=1
Rearranging, we have
E[(trA)?|7] = n? (tr 72 £)? + 2n tr(r? T)% (2.5)

Recalling the mixture representation of the Wishart matrix given by (2.1),
we have

E[(trA)?] = E[E[(trA)?|7]} = E[n*(tr 722)? + 2n tr(r*%)?]

and then by the use of (2.4), we have the following lemma.

Eemma 2.2 Let A have the mixure representation given by (2.1). Then for
v > 4, we have

. n

1-2/v)(1-4/

The reader may be referred to Joarder and Ali (1992) for many other useful
expectations on Wishart matrix based on the multivariate {-model.

E[(trA)?] = ” [n (trE)? + 2 tr(X?)].
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3 The Main Results

The main results are presented in this section in the form of some theorems.
Theorem 3.1 Consider the multivariate t-model given by (1.1). Then the
proposed estimator 6 defined by (1.6), dominates over the usual estimator
6 = co tr(A) in the sense of having smaller risk under the risk function given
by (1.4) for any c satisfying

d < ¢<0 (3.1)
np+2 v-— 4) Ip(n/2+1/p)

whered = |¢ - ] 3.2

( 0 P v Ip(n/2+2/p) (32)

or, 0 < c¢<d (3.3)

where d is given by (3.2) with ¢o > (1 —4/v)/(n + 2/p).

Proof. Let the risk functions of the two estimators be defined by R(8, 6;¢) =
E(6 — 6)% and R(6, 6) = E(6 — 6)? respectively. The risk difference of the
estimators can be written as

R(, 6;c)— RG, §)=E [32 _ P2 5)5]

so that by virtue of 5 =5 - 2cpd |A|Y? + (cp)?|A|¥/P, we have

R, 6~ RG, 8) = E[~2pb |A[/7 + (cp)? AP - 2(~cp|A| )]
= p B [20c [A1P tr(A) +pc* |AP/P + 2¢E |A]]

where £ = §/p is the arithmetic mean of the eigenvalues £,,¢, ... ,&p of the
scale matrix X.
The k-th moment of the generalized sample variance |A| is given by

I'(v/2 - kp) Tp(n/2 + k)

E(Af) = vBT(uf2) ~ Tp(n/2)

=%, v>2kp

(see Joarder and Ali, 1992). Then by virtue of Lemma 2.1, we have

A, 600 = RE, 0 = ey [(1—22/(:)1053)4/,»10F]D(Trl,{i?nj/;/p)1”EE
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2 T,(n/2+2/p) +] -
(1 - 2/1/) Pp(n/2) 6] i €

cp)? 4 Tp(n/2 +2/p) 2
+ (cp) [(1 —2/v) (1—-4/v) Tp(n/2) 3 ]

+2p[

which, after simple algebraic manipulation, reduces to

N ~ £)2 n e
R, 8,9-RG, ) = 7 /41/(55()1_ ) P”(F:(zn’;zz)/ D) (2—de/E) (3.4)

where £ is the geometric mean of the eigenvalues of the scale matrix 3 and
d is given by (3.2). In order that § dominates &, it is sufficient to prove that
the risk difference R(8, 6;c) — R(8, 6) is negative which is true if

dE/&) <c<0, or 0<c<d (&)

The above conditions involve £ and § which are unknown quantities. By
the well-known arithmetic mean and geometric mean inequality £ > § , it
then follows from (3.4) that & dominates § if d < ¢ <0, or 0 < ¢ < d where
d is given by (3.2). However,

d< 0 ifandonlyif ¢ < (1-4/v)/(n+2/p),
while d > 0 if and only if ¢o > (1 —4/v)/(n +2/p).
Hence the proposed estimator § dominates the usual estimator & if ¢
satisfies the conditions mentioned in the theorem.
It may be remarked that if c¢ = (1 — 4/v)/(n + 2/p), then d = 0. In
this case it is seen from (3.4) that the risk difference is positive so that there
exists no proposed estimator ) dominating the usual estimator . The risk

difference vanishes only if ¢ = 0 in which case the two estimators coincide.
The risk function of the usual estimator is given by

A R(5,6) = E(6 — 6)% = ¢ E[(trA)?) — 26c, tr(E(A)) + 6.
The expected value of the Wishart matrix is given by
E(A) = E[E(A|7)] = E(nT*Z) = nX/(1 - 2/v).

An exact expression of the risk function of the usual estimator can then be
found by using Lemma 2.2. Consequently, the risk function of the proposed
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estimator follows from (3.4). These results are summarized in the following
theorem.

Theorem 3.2 For v > 4, the risk functions of the usual estimator and the
proposed estimator are given by

R(,6) = [1 fc;/y (1 fi’/y —2) + 1] (trS)?

+ e )
e N 4p? |B[¥P  T,(n/2+2/p) od tr(%) .
and R,50) = G =am) T,m2) <C L ) + R(5,6)

respectively, where ¢y and c are defined in Theorem 3.1.

4 Relative Risk Analysis with Numerical Ex-
amples

To compare the risk of the two classes of estimators 6 and § , we use the
Relative Risk (RR) defined by

R(3,86;¢)

RR(6 : 6;¢) = RG.0)

(4.1)

where 0 < RR(d : 8;¢) < 1 for the choices of ¢ given by Theorem 3.1. The
RRin (4.1) is a parabola in c. Theorem 3.1 provides range of values of ¢ where
the proposed estimator & dominates the usual estimator § = ¢ tr(A). The
Maximum Likelihood Estimator (MLE) and the Unbiased Estimator (UE)
of & are given by & = ¢o tr(A) for co = 1/(n+ 1) and ¢y = 1/n respectively
(Fang and Anderson, 1990, p208). Thus for a fixed value of n (equivalently
of ¢p), RR in (4.1) poses a problem of minimization of a parabola in ¢ on a
restricted set {c : d < ¢ < 0} or {c: 0 < ¢ < d}. However, neither of these
two sets is closed and consequently we may not have an optimal solution for
c. Note that the unrestricted minimization occurs at
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Figure 1: Relative Risk(RR) versus ¢ (p = 4,v = 5, n = 10 and
£/€ = 2.229844)

but this is not usable in practice since neither £ nor £ is known.

It is interesting to know the behavior of RR for different values of £/ £.
For the choice of ¢y = 1/(n + 1), the Relative Risk compares the proposed
estimator with MLE. Whenever £/ £>2andd>0wehave 0 <c<d<cp.
For example, if p=4,v =5, n = 10 (so that d = 0.1841907 > 0) and

30 12 7 1
12 8 3 2

¥= 7 3 4 -1}
1 2 -1 5

then £/£ = 2.229844 and c,, = 0.2053583. The graph of RR versus c for this
case is shown in Figure 1.

If1 <&/ <2andd>0,then 0 < ¢, < d. For example, if p = 4,v = 5,
n = 10 (so that d = 0.1841907 > 0) and

3

T = (4.2)
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Figure 2: Relative Risk(RR) versus ¢ (p = 4,» = 5, n = 10 and
£/€ = 1.590451)

then £/¢ = 1.590451 and c,, = 0.1464731. The graph of RR versus c for this
case is shown in Figure 2.
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Figure 3: Relative Risk(RR) versus ¢ (p = 4,v = 5,and n = 10, 15, 20)
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The behavior of RR versus c for X given by (4.2) with different values of
n is shown in Figure 3. The proposed estimator performs better, as expected,
for increasing n.

If we have the prior information that & /€ is closer to 1 then ¢ = d/2
is an optimal choice while if & /E is closer to 2 then ¢ ~ d is an optimal
choice. Theorem 3.1 provides choices of ¢ whenever no prior information on
£/€ is available. It is observed that the behavior of RR for any dimension
(p > 2) is similar. We also note that the behavior of RR for the unbiased
case (co = 1/n) is similar to that of MLE described above.

5 Conclusion

We remark that the gain we get from using the proposed estimator is a
sialler mean square error. This is because of the modification made to the
usual estimator by introducing a correction term which involves a choice of ¢
depending on n = N — 1, p and v. It is thus easy to calculate the value of ¢
once the sample is selected, as the value of v is assumed to be known. It may
be remarked that as v — oo, Theorem 3.1 of the present paper specializes
to Theorem 2.3 of Dey (1988). Since the multivariate t-model given by
(1.1) converges to the joint p.d.f. of N independent N,(u,X) variables as v

approaches infinity, the present work may be viewed as a generalization of
the corresponding work of Dey (1988).
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